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APPENDIX VII .,. 

Wedge Analysis 

1. General. The procedures presented in this appendix assume that shear 

failure may occur in an embankment and its foundation along a surface ap- 

proximated by a series of planes. These procedures are variations of what 

is generally termed the wedge method of analysis. This method is particu- 

larly applicable to a zoned embankment containing cohesionless outer shells 

and a relatively thin core resting on either homogeneous or stratified foun- 

dation materials. The analyses presented in this appendix emphasize the 

application of the wedge method to embankments having impervious cores 

with gravel or rock shells and demonstrate the influence of the location of 

the core on embankment stability. Examples are given for embankments 

with central impervious cores, and for embankments with inclined imper- 

vious cores located within the upstream portions of the embankments. The 

planes defining the boundaries of the sliding mass that are shown in the ex- 

amples are not necessarily the most critical failure planes, since the ex- 

amples are presented only to illustrate the procedures involved. 

2. Basic Principles. In the wedge method, the soil mass is usually divided 

into three segments : an active wedge, a central block, and a passive wedge, 

as shown in figure 1 of plate VII-i. Vertical boundaries are assumed be- 

tween the central block and the active and passive wedges. The forces on 

each segment are considered separately as shown in figures 2 through 4 of 

plate VII- 1. The developed values of cohesion and angle of internal friction 

along the failure surfaces are controlled by the assumed trial factor of 

safety, F.S., so that 

‘D - 
- c/F.S. 

tan 9, = (tan +)/F.S. 

Consequently, the magnitudes of the resultant earth forces EA and Ep also 
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depend on the trial safety factor. The resultant earth forces acting at the 

vertica; boundaries of the passive and active wedges are determu~ed.by 

constructing force polygons, as illustrated in figures 2 and 3, respectively, 

of plate m-i, and are then incorporated in the force polygon for the central 

block (fig. 4). A condition of equilibrium will generaliy not be obtained on 

the first trial and several trial analyses with different safety factors are 

required. In each analysis, the force necessary to close the polygon (fig. 4, 

plate VII-I) is denoted as AEH. The force As is assumed to act horizon- 

tally and its magnitude and sign vary with the trial factor of safety. A plot is 

made of A G versus the trial factors of safety, as shown in figure 5, plate 

VII-i, to determine the factor of safety at which AIf& _ is zero. This factor 

of safety is that required to balance the forces for the sliding surface being 

analyzed. Various trial locations of the active and passive wedges are re- 

quired to determine the minimum safety factor. 

3. Basic Criteria. Criteria for selecting the direction of the active and 

passive earth forces are illustrated in plate VII-2. However, these criteria 

are illustrative only and should be modified where differential foundation 

settlement resulting from consolidation of soft layers or from a variable 

subsoQ profile makes this desirable. The criteria shown in plate VII-2 

apply only where the maximum settlement will occur beneath the center of 

the embankment. The location of the critical sliding planes is often con- 

trolledby weak zones, such as a foundation layer and/or an inclined imper- 

vious core, and must be determined by trial. In general, sliding will occur 

near the bottom of a weak layer. In the discussions that follow, a thin weak 

Iayer has been assumed. 

a. Active Earth Forces. (4) A general rule for selecting the direction 

of E A is shown in the tabulation in figure 1 of plate VII-2. When the sliding 

surface Iies in cohesive materials or includes a portion of the crest or re- 

verse slope (plate m-21, the maximum value of EA must be determined by 

trial force polygons using various values of CIA. As a first trial, BA can 

be assumed equal to 45O + (4b/2). When the sliding plane is located within a 

-- 
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thin inclined core, the slope of the core will generally govern the angle of the . . 

slidin plane. 

(2) The maximum value of E A and corresponding value of eA can be 

determined using the conjugate stress procedure illustrated in plate VI,.l-3 

when (a) the active sliding surface is in cohesionless materials, (b) the en- 

tire active wedge is under the slope, (c) EA acts parallel to the outer slope 

(fig. l(b), plate VII-2), and (d) seepage forces are not present. The active 

earth force may also be computed by obtaining the earth pressure coeffi- 

cient K 
14 

A from earth pressure tables using the value of +D and the as- 

sumed angle of the active earth force as the angle of wall friction. 

(3) When the active wedge is composed of different materials (fig. l(c), 

plate V-U-2), the angles of the active sliding surfaces depend on the shear 

strengths of the soils involved. However, in preliminary design’ analyses for 

dams and for design of levees, channels, miscellaneous embankments, and 

other structures, the active sliding surface can be assumed to be inclined at 

45O + +/2 for each material. For final design analyses of dams and for de- 

sign of more critical earth structures, 9 A should be varied within each soil 

zone through which the active sliding surface passes until the maximum value 

of E 
A 

is found. To determine the magnitude of the resultant active force, 

the wedge must be subdivided as shown in figure l(c) and the total earth 

force at each boundary determined as shown by the force polygon. The di- 

rection of the resultant forces E 
Al ’ EA2 ’ 

and E A ire assumed to be in 

accordance with the general rule given in plate VU-2. Other trial locations 

of the plane ac are necessary in all analyses to determine the lowest factor 

of safety. 

b. Central Block. (1) Where the failure ‘plane beneath the central 

block passes through more than one material or where the failure plane 

passes through a single material but a different shear strength is used be- 

cause of changing normal stress (e.g. using a composite S and R envelope), 

the central block should be broken up into its component parts based on ma- 

terial type (or shear strength) as described previously for the active wedge. 
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Resultant forces acting on boundaries between these “subblocks” can be as- 

sumed to be inclined at any value intermediate between the inclination of E 
A 

and E 
P’ 

but are more conveniently assumed to be horizontal. With this 

latter assumption, the normal stress on the failure plane is equal to the 

overburden stress. 

(2) The case should also be considered where a horizontal failure sur- 

face parallels a boundary between different materials (for example, a clay 

stratum overlying or underlying cohesionless material). In such a case, the 

lowest shear resistance along this failure surface may be when sliding is 

partially in one material and partially in the other; this occurs because slid- 

ing in the cohesionless layer may offer less shear resistance than in the clay 

under low effective normal stresses, whereas under high effective normal 

stresses the reverse may be true. The point at which this “switch” occurs 

can easily be determined by computing the normal stress at which the 

strength envelopes for the two materials intersect. 

C. Passive Earth Forces. (1) When the passive wedge is near the toe 

of the embankment, as in the case shown in figure 2(a), plate VII-2, in which 

sliding is assumed to occur along a weak plane within the foundation, the 

direction of Ep is assumed to be horizontal. The passive wedge will usually 

be separated from the active wedge by a central block, and trial locations of 

the vertical boundary between the passive wedge and central block are re- 

quired to determine the lowest factor of safety, as illustrated in figure 2(a). 

Where the passive wedge is located in cohesionless material and the vertical 

boundary is at the toe of the embankment (wedge A in fig. 2(a), plate VII-2)) 

the resultant passive soil resistance E 

from the equation 
P 

can be determined graphically or 

Ep = 1/2 y h2Kp 

in which 

1 t sin +D 

KP = 1 - sin $D 
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When the vertical boundary is not at the toe of the embankment, trial values --- 

of 8 
P 

must be assumed for each trial factor of safety until a minimum 

value of E 
P 

is obtained. When the passive wedge includes several soil 

zones, BP should be varied and the criteria in paragraph 3a(3) applies. 

(2) Where sliding is assumed to occur along the ground surface as 

shown in figure 2(b), plate VII-2, the inclination of E p is assumed t-o be the 

same as that of E 
A’ 

If a central block is present, Ep acts parallel to the 

outer slope. The magnitude of Ep is determined from force polygons for 

various trial factors of safety. When the embankment material is cohesion- 

less and the foundation is stronger than the embankment, a passive sliding 

plane is assumed to intersect the toe of the embankment and make an angle 

of 8 p with the horizontal (fig. 2(c), plate VII-2). In this case, Ep acts 

parallel to the outer slope and the conjugate stress procedure (plate VII-.3) 

may be used to determine 8 
P and Ep for each trial factor of safety. 

(3) Examples of the criteria above and procedures for handling water 

forces fur various design cases are described in the following paragraphs. 

4. End of Construction--Case 1.t The end-of-construction stability of an 

embankment composed of a granular shell and impervious cohesive core is 

influenced by the core location. Accordingly, examples for embankments 

with both central and inclined cores are presented. Unit weights and shear 

strengths should correspond to those expected at the end of construction, as 

discussed in paragraphs 9 and Ila of the main text. In the analysis, S shear 

strengths are used for free-draining embankment and foundation materials 

and Q strengths are used for impervious core or foundation soils. The R 

strengths may be used for relatively thin clay strata in the foundation when 

consolidation will be essentially complete at the end of construction. In 

some cases, it may be necessary to use a design strength intermediate be- 

tween Q and R . Additional analyses should be made during construction 

of the embankment, as discussed in Appendix VIII. 

7 Case designations are described in paragraph 11 of the main text. 
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a. Embankment with Central Core. (I) Where the foundation strength 

is equal to or greater than the strength of a cohesionless embankment shell 

flanking a narrow central core, the safety factor can be estimated using the 

infinite slope equation F.S. = 8 , as discussed in Appendix V. 

(2) For conditions where the foundation contains a layer that is weaker 

than the shell, the factor of safety must be found by trial. This condition is 

illustrated in plate VII-4. The assumed failure mass is divided into an 

active wedge, a central block, and a passive wedge. A trial point i is se- 

lected for the upper end of a series of active wedges corresponding to various 

trial factors of safety. The earth force EA and the inclination BA of the 

active sliding plane can be determined for each trial safety factor according 

to the conjugate stress procedure, since the earth force EA is assumed to 

be parallel to the outer slope. A simplified conjugate stress procedure for 

determining KA and OA is shown in figure 2 of plate VII-4. The direction 

of the earth force E p is assumed to be horizontal. Because the upper sur- 

face of the passive wedge in the example is horizontal, the passive pressure 

coefficient Kp is that given in figure 2. The computation of the passive 

force Ep is also given in this figure. When several types of material are 

contained within the active or passive wedges, Ep and E A 
can be deter- 

mined from force diagrams. 

(3) Using the values above for EA and Ep, a force polygon for the 

central block can be constructed as shown in figure 3 of plate VII-4. The 

polygon does not close by the force AEH. A plot of AEH versus trial fac- 

tors of safety is used as shown in figure 4, plate VII-4, to obtain the factor 

of safety when AE 
H 

is zero and the force polygon closes. Other trial IO- 

cations of the active and passive wedges should be used to find the minimum 

safety fat tor . When a portion of the active plane passes through the core, 

EA 
is determined by trial by constructing a force polygon as shown in fig- 

ure l(c), plate VII-2. 

b. Embankment with Inclined Core. (1) The failure surface for this 

condition.will normally be located in the lower strength core material. While 
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the zone of minimum strength is probably near the middle of the core, be- .:, 

cause consolidation takes place at a slower rate here than at the outer faces, 

the failure surface is normally assumed to lie along the downstream bound- 

ary where the largest driving force is obtained. If the foundation is as 

strong as or stronger than the shell, the lower portion of the trial failure- 

surface will be entirely in the shell. This case is illustrated in plate VII-5. 

(2) In the embankment section shown in figure 1, plate VII- 5, the toe of 

the passive wedge is assumed to coincide with the outer toe of the dam. The 

inclination of the base of the passive wedge and the magnitude of the earth 

force Ep are determined from the conjugate stress assumption, as dis- 

cussed in paragraph 3c of this appendix and as shown in figure 2, plate VII-5, 

for a trial safety factor of 1.5. When the trial sliding plane of the active 

wedge is along the boundary of two embankment zones, the trial sliding sur- 

face plane should be located in the material having the lower developed shear 

strength so that the maximum resultant active earth force is obtained. In 

the case shown in plate VII-5, the S shear strength of the material in down- 

stream gravel filter is less than the Q shear strength of the core under low 

normal stresses, but the reverse is true under higher loads; therefore min- 

imum resistance is obtained when the upper portion of the sliding surface is 

in the filter and the lower portion is in the core. A method of locating the 

break point is illustrated in figure 1 of plate VII-5. Several trial locations 

(A, B, and C in fig. 1) are selected, and the weight of the active wedge to 

the right of each location is determined. A force polygon is constructed at 

each trial location using the developed shear strength of each material; the 

developed Q strength of the core and the developed S strength of the gravel 

filter are used in the case of the example in plate VII-5. The intersection of 

the friction vector for the developed S strength F 
A(S) 

with the E 
A 

vector 

is located for each polygon, and a smooth curve is drawn through these 

points. A similar curve is drawn through the intersections of EA and 

FA(Q) 
vectors. The intersection of the two curves locates the point where 

the two shear strengths result in the same value of EA (point D in fig. 1). 
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From this point, a line parallel to the S strength friction vector F 
A(S) is 

drawn to the sliding surface (dashed line from point D to point E in fig. 1 of 

plate VII- 5). This locates point E on the sliding surface, to the right of 

which the plane of sliding would lie in the gravel filter and to the left of 

which sliding would occur in the core. The force polygcns for the active 

wedge and central block are shown in figures 3 and 4, respectively. The 

forces AEH required to close the force polygons for the central block are 

plotted versus trial safety factors in figure 5, where the factor of safety to 

balance forces for the sliding surfaces analyzed is shown to be 1.62. 

(3) If the foundation has a lower shear strength than the embankment 

shell, the trial failure surface will pass through the foundation. 

5. Sudden Drawdown--Cases II and III. Appropriate unit weights, shear 

strengths, and design assumptions to be used in sudden drawdown analyses 

are described in paragraph Ilb of the main text. In the wedge method, the 

active and passive forces are influenced by seepage forces when materials 

in the shell are semipervious. 

a. Embankment with Central Core. (1) Sudden drawdown is not gen- 

erally critical for embankments having free-draining shell materials and a 

narrow central core, and this case need not be analyzed unless a relatively 

weak layer is present in the foundation. The safety factor of free-draining 

cohesionless shell materials can be approximated using the infinite slope 

method described in Appendix V. However, detailed Stability analyses are 

required when the upstream shell is composed of sands or gravels of low 

permeability. If the foundation contains a thin layer that is not as strong as 

the shell, the horizontal portion of the trial sliding surface will pass through 

the weaker foundation layer, as illustrated in figure 1, plate VII-6, for an 

embankment having semipervious shells. The potential failure mass is di- 

vided into a passive wedge, a central block, and an active wedge. Because 

the shell material is semipervious, it may be necessary to construct a 

drawdown flow net to evaluate the seepage forces. Various trial locations 

of the boundaries between the wedges and the central block and various 
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inclinations of the active and passive sliding planes must be assumed. ., 

(2; In the example shown in plate VII-6, the boundary between the passive 

wedge and central block is assumed to be at the toe of the embankment; the 

computations for E 
P are shown directly below figure 1. A trial location 

with BA = 33.5 deg is assumed for the active sliding plane, 

(3) The use of the R or S shear strengths along the trial sliding 

planes is established by comparing the normal stress at the inflection point 

of the composite shear strength envelopes shown in figure 2 with the approxi- 

mate effective normal stresses along the trial failure planes. The procedure 

for doing this is demonstrated in plate VII-6. 

(4) The force polygons for the active wedge and for the central block are 

shown in figure 3 of plate Vu-6 for a trial factor of safety of 1.3. Various 

safety factors are tried until a balance of forces is obtained. A plot of AEH 

versus trial factor of safety is shown in figure 4 of plate VII-6 for the trial 

locations of the active and passive wedges. Other trial locations are re- 

quired to determine the minimum factor of safety. A check of the lower 

(1 on 3.5) portion of the outer embankment slope, using the equation for hor- 

izontal flow given in Appendix V, results in a factor of safety of 1.28; the 

factor of safety for the upper l-on-3 slope ranges from 1.07 for horizontal 

flow to 1.17 for flow parallel to the outer slope, with an average factor of 

safety of 1.12. Therefore, the surface of the outer slope has a low factor of 

safety for sudden drawdown as compared to a failure surface through the em- 

bankment and the weak foundation. If there is an appreciable thickness of 

riprap on the outer slope, the weight of riprap should be taken into consider- 

ation in the analysis. 

b. Embankment with Inclined Core. (1) The sliding surface in the in- 

clined core is assumed to be located along the boundary between the core and 

the upstream shell because the shear strength of this portion of the core is 

not increased by seepage forces prior to drawdown. However, stability 

should also be checked with the sliding surface a.t the downstream boundary 

of the core, assuming that the core along the sliding surface is fully 

VII- 9 5b(l) 



EM 1110-2-1902 
Appendix VII 
1 April 1970 

consolidated under the weight of overlying material and by seepage forces. 

When the foundation is stronger than the embankment, the failure mass con- 

sists of an active and a passive wedge, with the toe of the passive wedge co- 

inciding with the toe of the embankment as shown in figure I, plate VII-7. 

The inclination of the base of the passive wedge BP and the passive force 

EP 
are determined using the conjugate stress assunlption as shown in fig- 

ure 3. The most critical condition for each trial factor of safety is obtained 

with the passive wedge completely submerged, and thus the critical lowered 

pool level for each trial factor of safety should be located to intersect the 

upstream slope at the top of the vertical boundary between the active and 

passive wedges. If the location of the estimated actual drawdown pool level 

is above or below the critical lowered pool level, the factor of safety will be 

slightly higher than that for the critical lowered pool level. 

(2) In evaluating the active force E A (fig. 4, plate VII- 7), the frictional 

force FA is based on the submerged weight of the rock fill and filter 

(wA1 and WA2) b 1 e ow the maximum pool leve 1 and the moist weight of the 

rock fill and filter (WA3) above this level. During sudden drawdown, the up- 

stream shell above the low pool level changes in weight from submerged to 

moist. It is assumed that this added increment of weight induces pore pres- 

sure, but does not cause any immediate gain of shear strength in the core. 

The induced pore pressure force created by the difference between the moist 

and submerged weights is represented in the force polygon in figure 4 by 

uA 
This force need not be explicitly computed, as can be seen from the 

force polygon. Figure 4 shows that the resultant of UA and the change in 

weight of the shell (492 kips) contribute a major portion of E A 
(3) Curves of Ep and E A for various trial factors of safety are pre- 

sented in figure 5, plate VII-7. A condition of equality between Ep and EA 

for the sliding surface analyzed exists for a factor of safety equal to 1.23 in 

the case illustrated. 

(4) If the shell is stronger than the foundation, the passive sliding plane 

will be in the foundation and full drawdown should be considered. If high 
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tailwater conditions will exist during spillway operations, a check of the .L 

downskream toe for sudden drawdown should be made+ 

6. Partial Pool, Upstream Slope--Case IV. A static reservoir reduces the 

stability of the upstream slope because of reduction in weight and resistance 

of the passive wedge due to buoyancy. In many cases, a pool elevation above 

conservation pool elevation is critical; this critical elevation must be deter- 

mined by trial. Basic assumptions and shear strengths for this case are de- 

scribed in paragraph Ilc of the main text. 

a. Embankment with Central Core. The procedure used is similar to 

that discussed in paragraph 4a of this appendix, except that a horizontal 

saturation line is assumed within the embankment at the trial level of the 

pool. 
RtS 

Either the S or 2 shear strength of the core is used, depending 

on the magnitude of the effective normal stress. 

b. Embankment with Inclined Core. (1) A stability analysis for an 

embankment with an inclined core on a strong foundation is shown in 

plate VII- 8. The embankment section is shown in figure 1 of the plate. The 

inclination of the passive sliding plane 8 
P 

and the passive earth force E 
P 

for a trial factor of safety of 1.5 are determined as shown in figure 2. As in 

the sudden drawdown case, the most critical condition for each trial factor 

of safety is obtained with the passive wedge completely submerged, and thus 

the lowered pool level for each trial factor of safety should be located to 

intersect the upstream slope at the top of the vertical boundary between the 

active and passive wedges. Submerged weights are used below the partial 

pool elevation and moist unit weights above. 

(2) Computations to the right of.figure 1, plate W-I-8, illustrate a simpli- 

fied procedure for computing normal stresses on the trial failure planes for 
R + S 

determining use of S or 2 strengths. Composite strength envelopes are 

shown in figure 3. 

(3) The value of E 
A 

is determined from a force pal:-gon as shown in fig- 

ure 4, plate VII-g. The comparison of EA and Ep versus trial factor of 

safety, shown in figure 5, indicates that the factor of safety for the sliding 
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surfaces analyzed is 1.51. 

(4) This case should also be analyzed assuming the active sliding plane 

at the downstream face of the core with the pool level at several locations to 

check for a more critical condition. The analyses should assume that the 

core is consolidated under the overlying weights corresponding to the criti- 

cal pool elevation. 

(5) If the foundation is weaker than the shell, the passive sliding plane 

will be in the foundation, and the passive resistance is determined using a 

central block in a manner similar to that shown in plate VII-6. 

7. Steady Seepage with Maximum Storage Pool- -Case V. Steady seepage 

reduces the weight of the soil mass below the saturation line by hydrostatic 

uplift, and thus frictional shearing resistance is reduced. At the same time, 

the water forces of the reservoir pool act horizontally against the impervious 

core in the downstream direction. Basic criteria and shear strength to use 

are discussed in paragraph Iid of the main text. 

a. Embankment with Central Core. (1) If the core is narrow with 

steep slopes and the embankment rests on a strong foundation, only the sta- 

bility of the downstream shell need be examined. If the shell material is co- 

hesionless and free draining, the critical sliding surface is the slope of the 

outer shell, and the factor of safety can be expressed as 

F.S. = b tan + 

where 

b = cotangent of the downstream embankment slope 

+ = angle of internal friction of the shell material 

Where cores are wide or foundations are weaker than the shell, the most 

critical sliding surfaces may pass through these zones and must be found by 

trial. Where the shear strength of the foundation is less than that of the 

shell material, the weakest horizontal sliding surface may be either in the 

shell just above the foundation, slightly within the foundation layer, or at the 
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bottom of the foundation layer, depending upon the normal loads and shear . . . . . . 

strengths. An example is given in plate VII-9. The active wedge and central 

block are divided into intermediate sections at boundaries where the shear 

strength parameters change. Composite strength diagrams are shown in 
RtS figure 2, and computations to determine where the S or 7 strength 

should be used are given. 

(2) Since the active wedge portion Al , located in the cohesionless shell, 

is not entirely- submerged, the maximum value of the active resultant force 

E Al must be determined graphically (fig. 3, plate VII-9) based on the weight 

WAl 
and direction of F Al for each trial factor of safety. Values of eA1 

can be determined from plate VII-11 or by trial. However, 0 Al varies only 

slightly for the trial factors of safety used in the example, and a value of 

65 deg is used for all trial factors of safety. When that portion of the active 

wedge in cohesionless material is completely submerged (or completely 

above the seepage line) EAl can be computed using the chart in plate VII-12. 

The determination of the hydrostatic forces is shown in figure 1, and the 

values of EA (for BA2 = 50 deg) and EP are shown in figures 4 and 5, re- 

spectively, of plate VII-9. 

(3) The magnitude of EA for each trial safety factor varies with the 

assumed inclination of the base of the active wedge eA2 which must be 

varied to obtain the maximum value of EA. A plot of EA and EP versus 

trial factors of safety is shown in figure 6, plate VII-9. It should be noted 

from figure 6 that BA2 for the lowest factor of safety is 60 deg. 

b. Embankment with Inclined Cores. The steady seepage case is not 

critical for an embankment with an inclined upstream core on a strong foun- 

dation. Conditions existing either at the end of construction or sudden draw- 

down are usually the critical cases for such a design. 

a. Steady Seepage with Surcharge Pool--Case VI. This case applies after 

a condition of steady seepage has been established at a given pool level, the 

reservoir pool quickly rises to the surcharge pool level, and no appreciable 

change in the seepage pattern takes place because of the short duration at the 
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higher level. This analysis is especially applicable to rock-fill dams having 

narrow central cores. The procedure of analysis and shear strength criteria 

used for this case are identical to those given for Case V; the only difference 

in the two analyses is that in Case VI the horizontal thrust from the sur- 

charge pool is added to the active wedge force polygon and the unit weight of 

that portion of the pervious upstream zone between the surcharge pool and 

the storage pool becomes submerged instead of moist. AA example of this 

analysis is given in plate VII-10 where a surcharge pool has been applied to 

the steady seepage example shown in plate VII-9. 

9. Earthquake. As discussed in paragraph iif of the main text, it is as- 

sumed that the earthquake imparts an additional horizontal force Fh acting 

in the direction of sliding of the potential failure mass. This force is equal 

to the total weight of the sliding soil mass W times the seismic coeffi- 

cient 4,. The weight W is based on the saturated unit weight below and 

moist unit weight above the saturation line, but does not include the weight of 

water above the embankment slope. In the wedge analysis, horizontal seismic 

forces are computed individually for the active wedge, the passive wedge, and 

the central block, and included in the respective force polygons. 
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